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A. Supplementary Material
A.1. A Probit Multistate IRT Model for Graded Responses
We define a multistate model for ordinal observables and call it the probit multistate IRT
model for graded responses (PMG). However, additional assumptions for η̃t are necessary
to estimate the parameters associated with η̃t. One logical assumption to be made for
the PMG model on the category level is that the (Ut, St)-conditional probabilities of
answering in any of the categories k = 1, . . . , l or higher of the item i at time t are
not equal. Also, an assumption made on the item level is that the (Ut, St)-conditional
probabilities of answering in the category k (or higher) of any of the items i = 1, . . . , m
at time t are not equal.

A.1.1. Assumptions of the PMG Model

For the definition of a probit multistate IRT model for graded responses, we introduce
the following assumptions:

Essential Equivalence. The item-, time- and category-specific threshold parameters
κikt are introduced, which are real numbers. We assume that τ̃ikt and τ̃i′k′t ∀k, k′ =
1, . . . , l, ∀i, i′ = 1, . . . , m, at time t only differ by a constant, which is a real number,
when (i, t) ̸= (i′, t′) and (i, t), (i′, t′) ∈ {1, . . . , m}×{1, . . . , n}. That is

τ̃ikt = η̃t − κikt, ∀ i = 1, . . . , m, ∀ k = 1, . . . , l, ∀ t = 1, . . . , n. (1)

Every τ̃ikt is therefore a translation of η̃t by a subtractive constant κikt. If Equation 1
holds, the probit state variables τ̃ikt are essentially equivalent with respect to η̃t. There
is always one threshold less for an item i at time t than there are possible response
categories, which is why the first category index of a threshold parameter of an item i
at a time t is k =1.

Note that with this definition, every τ̃ikt is perfectly determined by η̃t meaning that
every τ̃ikt can be computed from η̃t while in that equation, there is no error term. There-
fore η̃t is not only the probit reference latent state variable but also the probit common
latent state variable pertaining to time t.

For graded responses, we expect a hierarchical order of the threshold parameters within
one item i at time t. For example, the value on η̃1 of a random person-at-time-1 in a
situation at time 1 is the probit transformed (U1 = u1, S1 = s1)-conditional probability
of responding in category k ≥ 1 to item i = 1 at time t = 1, that is, the value of η̃1 is
Φ−1(P (1Y11≥1 = 1 | U1 = u1, S1 = s1)). An exemplary value of η̃1 which is equal to 0.88
would transform to P (1Y11≥1 = 1 | U1 = u1, S1 = s1) = 0.81. If there is, for example, a
subtractive constant of κ121 =1.08, then, for the category k =2 of the same item i=1 at
time t=1, there is a value of τ̃121 = η̃1 − κ121 which is equal to −0.20. This value of τ̃121
translates into the (U1 = u1, S1 = s1)-conditional probability of responding in category
k ≥ 2 to item i = 1 at time t = 1, that is P (1Y11≥2 = 1 | U1 = u1, S1 = s1) = 0.42. This
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example shows that a greater threshold parameter (here κ121 > κ111 = 0) yields smaller
(Ut, St)-conditional probabilities of responding in a category k or higher. Within one
item, the values of the threshold parameters κikt are greater for higher category indexes
k.

Equations 8 and 1 imply that κ11t = 0, ∀ t = 1, . . . , n. Therefore, the threshold
parameter associated with the reference category k =1 of the reference item i=1 has a
value of 0. The threshold parameters of category k =1 of the other (non-reference) items
κi1t, ∀ i=2, . . . , m, ∀ t=1, . . . , n, may be interpreted as the time-specific item difficulty.
Note, that the other threshold parameters κikt, ∀k =2, . . . , l, are ignored for this concept
of item difficulty.

If we assume that the lowest item category is always zero, the number of the highest
item category l is always equal to the number of thresholds parameters per item. Because
κ11t is fixed to zero, for a number of items m and a number of measurement occasions
n, the number of free threshold parameters is the product m · n · (l − 1) − m.

Local independence. Just like in Section 3.3, we assume the (Ut, St)-conditional stochas-
tic independence for the PMG model (see Equation 15). According to this assumption,
given Ut and St, each response variable Yit is independent of the other response vari-
ables Yi′t′ , of past and future person variables, independent of past and future situation
variables, and independent of all subsets of all these variables.

Figure 1 shows a path diagram of the PMG model. This path diagram displays the
decomposition of 1Yit≥k into the conditional probability τikt and a measurement error
variable ϵikt. The conditional probability τikt is transformed by the link function into
its probit τ̃ikt. This is indicated by the curve connecting τikt and τ̃ikt. The probit state
variable τikt is perfectly determined by the probit reference latent state variable η̃t which
means that there is no residual variable in the decomposition of τ̃ikt into the difference
between η̃t and κikt (see Equation 1).

A.2. Application
A.2.1. Analysis of the (Unconstrained) PIEG-1 Model: Real Data Analysis

In this section, we interpret the results of the unconstrained PIEG model (see Section
A.2.3) and we compare it with the PMG model to investigate if latent item effect variables
should be included in the model. With the PMG as well as with the PIEG model,
we estimate the variances, expectations, and covariances of one reference latent state
variable (η̃t) for each time point of measurement. As the reference item, we used the
item satisfied. In the PIEG model, in contrast to the PMG model, we also estimate the
parameters of one latent item effect variable (β̃i) for each item, except for the reference
item, resulting in a total of three reference latent state variables and three latent item
effect variables. Note that they are defined on the probit level. As the items include
five categories, 36 free threshold parameters (κikt) are estimated with the unconstrained
PIEG model because the first threshold parameter of each item at each time point of
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Figure 1. Path diagram of the probit multistate IRT model for graded responses with

m · l · 3 indicator variables 1Yit≥k measuring three probit reference latent state

variables η̃t.

4



measurement is fixed to zero (κi1t =0). In the PMG model, 45 free threshold parameters
are estimated as only the first threshold parameter at each time point is fixed to zero
(κ11t =0).

Results The PMG model does not fit the data (χ2(60) = 458.621, p = .000, RMSEA =
0.116). The PIEG model, on the other hand, fits the data very well (χ2(51)=61.516, p=
.149, RMSEA = .020). The model fit is significantly better than the model fit of the
PMG model (LR =254.077, df =9, p<.000). According to these results, including latent
item effect variables considerably improves the model fit. This is an indication that the
items do not only differ with respect to constant difficulty. Instead, each non-reference
item has a latent item effect variable. One of the interpretations of the values of this
latent item effect variable is that they are person-specific item difficulties. That is the
case, although the items were constructed to measure the latent state variable equally
well for all persons. Also, every item seems to have specific characteristics deviating
from the latent state.

We now interpret the certain parameter estimates of the (unconstrained) PIEG-1
model. First, we consider the estimated parameters of the reference latent state variables
that represent current well-being at all occasions of measurement. The reference latent
state variable is defined as the probit transformed (Ut, St)-conditional probability of
answering in the reference category (k = 1) or higher of the reference item satisfied
(i = 1). Expectations, variances and covariances of the three reference latent state
variables significantly differ from zero.

Furthermore, we examine the estimated parameters of the latent item effect variables.
The latent item effect variable is defined as the difference between the probit transformed
latent state variable of a non-reference item i and the probit transformed latent state
variable of the reference item i = 1 (see Equation 13). A positive value of a person on
the item effect variable indicates that it is less probable for that person to respond in
the reference category (k =1) or higher of the reference item (i=1) than in the reference
category or higher of the non-reference item i.

The estimated variances of the latent item effect variables all significantly differ from
zero (see Table 1). This supports the hypothesis that there are person-specific effects
of assessing current well-being with a non-reference item instead of the reference item.
Also, the estimated means significantly differ from zero (see Table 1). This indicates
that there are non-zero average item-specific effects. The expectation of the probit
state variable of the reference category (see Equation 10) is E(τ̃it) = E(β̃i) + E(η̃t).
Analogously, this applies to the estimate of the average of the probit state variable of
the reference category. The difference between the estimates of E(τ̃1t)=E(η̃t) and E(τ̃it)
for the non-reference item i at time t is the estimate of E(β̃i). These estimates differ
between items but are identical for all time points and can be interpreted as estimates of
the average of the individual item difficulties (see Section 3.2). In our case, the means of
the item effect variables of the items unsatisfied (i=2) and unhappy (i=4) are positive.
These estimated positive expectations mean that it is easier for a randomly sampled
person to respond to these items, as compared to the positively worded reference item,
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in category k =1 or higher.
Furthermore, our application shows that the correlations between the item effect vari-

ables β̃i and the reference latent state variables η̃t are not significantly different from zero
(see Table 1). This is an indication that variation of the person-specific item effects does
not go along with the variation of general current well-being assessed with the reference
item.

A.2.2. Monte Carlo Simulation of the (Unconstrained) PIEG-1 Model

In Monte Carlo simulations, many samples of data are generated given a specified model.
The samples are then analyzed and the results are aggregated across all generated data
sets. Monte Carlo simulations are conducted to test the quality of parameter estimates
if certain conditions, such as the sample size, are varied. This allows us to investigate
how sample sizes affect the estimation of the parameters, standard errors, or model-fit
indices.

Several data sets, which are compatible with the PIEG-1 model, were generated. The
generated data sets consist of five-category response variables for 4 items at 3 time points
of measurement (12 response variables). We used Mplus (Muthén & Muthén, 1998) for
data generation. The model structure of the PIEG-1 model (see Supplementary Material
A.2) together with the true parameters make up the Mplus input.

We conducted six different simulations for different sample sizes Nobs ranging from
250 to 10, 000 for the PIEG-1 model, which has no threshold parameter constraints. We
requested Nrep = 1, 000 replications.

The generated data sets were analyzed individually using the WLSMV estimator.
The resulting estimates were aggregated for each sample size across the 1,000 generated
data sets. For example, for all parameter estimates and corresponding standard error
estimates within one sample size, the mean and the standard deviation were calculated
across all replications. Because of identification and convergence problems, for smaller
sample sizes fewer replications were successfully produced in the Monte Carlo simulation.

In order to evaluate the quality of the parameter estimation, we checked how well the
true parameters can be recovered in the analysis. For different sample sizes, we assess
the statistical performance of each parameter of the latent variables as well as the model
fit indices of the PIEG-1 model (for 4 items at 3 measurement occasions). We evaluate
the statistical performance on the basis of different indices suggested by B. Muthén
and Muthén (2002): the parameter estimate bias (peb), the standard error bias (seb),
coverage, and the distributional properties of the χ2 statistics. For the PIEG model to
be preferable over the PMG model, the variances of β̃i must be greater than 0. For the
hypotheses that V ar(β̃i) are greater than 0, we also check the statistical power.

The parameter estimate bias peb is a standardized measure to describe the discrepan-
cies between a sample estimate and the corresponding true parameter. It is defined as
the relative deviation of the average of the sample estimates of the parameter from the
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true parameter:
peb = mp − ep

ep
, (2)

where mp is the mean of the parameter estimates across replications, and ep is the
true parameter. The parameter estimate bias peb should be understood as an index for
relative bias. For a true parameter of 0, the peb is not defined. For true parameters
close to 0, the absolute bias mp − ep may be of interest rather than the peb.

The standard error bias seb is a standardized measure of the accuracy of standard
errors, defined as

seb = mse − SDp

SDp
, (3)

where mse is the mean of the estimates of the standard error across replications. The
standard deviation from the parameter estimates across replications SDp approximates
the true standard error when the number of replications is large. Therefore the seb
is the relative deviation of the average standard error estimate and the proxy for the
corresponding true standard error.

Coverage is the proportion of replications for which the 95% confidence interval con-
tains the true parameter value. It indicates the accuracy of confidence interval estima-
tion. Over- or underestimation of standard errors leads to a coverage deviating from
.95.

According to B. Muthén and Muthén (2002), parameter and standard error estimates
have a good statistical performance if peb and seb values are smaller than .10 and coverage
remains between .91 and .98. As to the model test, rejection rates should be close to .05
with respect to the χ2 distribution. For the PIEG-1 model, we used the χ2 distribution
with 51 degrees of freedom (see Section A.2.1). For the estimates of the variances of the
latent item effect variables β̃i, we also assessed power as the proportion of replications
for which the null hypothesis, that the true parameter is equal to zero, was rejected. Of
course, power was only assessed if the true parameters corresponding to the estimates
were not 0. According to B. Muthén and Muthén (2002), power estimates over .80
indicate good statistical performance of the null hypothesis test. Also, for the parameters
for which power was assessed, seb values smaller than .05 indicate satisfactory statistical
performance of the parameter estimates.

We used the rounded parameter estimates of the preceding analysis of the PIEG-
2 model (see Section A.2.3) as true parameters. Six different simulations for different
sample sizes Nobs ranging from 250 to 10, 000 with Nrep = 1000 replications for each sam-
ple size were conducted. We evaluated the parameter estimate bias (peb), the standard
error bias (seb), and the coverage of all latent variable means, variances, and covariances
as well as the distributional properties of χ2 statistics. For the hypotheses that V ar(βi)
is not equal to 0, we also check the statistical power.

In Table 2 and 3, we refer to power as the proportion of replications for which the null
hypothesis, that the true parameter is equal to zero, is rejected at the .05 level (when a
two-tailed z-test1 with a critical value of 1.96 is used). If the number of replications is

1For some parameter constellations, however, the standard normal distribution may not be an adequate
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large and the true parameter in question is different from zero, this value estimates the
probability of rejecting the null hypothesis.

Results For all parameters and sample sizes, there were no parameter estimates with a
coverage smaller than .91 or higher than .98, nor seb values greater than .10 (see Table
3). For all V ar(β̃i), the seb values were smaller than 0.05. These results suggest that
there is satisfactory standard error estimation for the PIEG-1 model (for four 5-category
items at three time points) even if sample sizes are as small as n = 250. We consider
these results to be satisfactory.

Only for very small true parameters, peb values were greater than .10. Here, the
absolute bias mp − ep is of interest. In our simulation, absolute values of the true
parameters for all Cov(β̃i, η̃t) had a range of 0.01 to 0.16. The estimates for these
parameters showed an absolute bias of < 0.01 for all sample sizes. This means that
even the parameter estimates of the simulated samples with a sample size of n = 250
were, on average, not exceeding a difference of 0.01 to the true parameter even if the true
parameter was very small. For example, the parameter Cov(β̃4, η̃2) has a true parameter
of 0.01. In our simulation, the estimation of Cov(β̃4, η̃2) showed an absolute bias of −0.01
for the sample size of n = 250. This indicates satisfactory parameter estimation of the
PIEG-1 model, even for small sample sizes and small parameters.

The true parameter, the average of the parameter estimate and of the standard error
estimate across replications, the parameter estimate bias, the standard error bias as well
as coverage and power for every latent variable mean and variance of all the PIEG-2
model Monte Carlo simulations are shown in Table 2. Results for the covariance esti-
mates are shown in Table 3.

Table 2 about here.
Table 3 about here.

To investigate the distributional properties of the χ2 statistics for the model fit test,
rejection rates, which were based on a Type i error α-level of .05 of the model test,
were analyzed. They indicated that, for small sample sizes, the PIEG-1 model tends to
slightly overestimate the goodness of fit. Only 4% of the simulated χ2 values exceeded
the cutoff value of the 95th percentile of the χ2 distribution with 51 degrees of freedom.
This may suggest that the power of the χ2 goodness-of-fit model test may suffer if the
sample size is smaller than n=1000.

The averages of the χ2 value estimates across replications, and rejection rates are de-
picted in Table 1.

Table 1 about here.

test function.
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A.2.3. Monte Carlo Simulation of the PIEG-2 Model

The PIEG-2 model, as the more restrictive model compared to the PIEG-1 model, fit the
data well in real data application. Now we study the quality of the parameter estimates
of the PIEG-2 model via Monte Carlo simulations. In Supplementary Material A.2.2,
the statistical performance of the unrestricted PIEG-1 model is investigated. The results
of the simulation show that the model estimation performs relatively well even for small
sample sizes.

Results The true parameter, the average of the parameter estimate and of the stan-
dard error estimate across replications, the parameter estimate bias, the standard error
bias as well as coverage and power for every latent variable mean and variance of all the
PIEG-2 model Monte Carlo simulations are shown in Table 4. Results for the covariance
estimates are shown in Table 5.

Table 4 about here.
Table 5 about here.

Coverage and standard error biases do not exceed the cutoff criteria proposed by B.
Muthén and Muthén (2002) for any of the parameter estimates for any of the sample
sizes. These results indicate a good statistical performance of the standard error es-
timates so that the standard errors are probably not highly over- nor underestimated
with the PIEG-2 model. Also, the parameter estimate biases peb only exceeded 0.05 for
the covariance estimates which have very small true parameters. However, the absolute
biases for the estimates of all covariances are < 0.01 for all sample sizes. This means
that the Monte Carlo simulation results suggest good statistical performance of all the
parameter estimates of the PIEG-2 model. We therefore assume that the threshold pa-
rameter constraint κikt = κik1 ∀ k = 1, . . . , l, ∀ i = 1, . . . , m, ∀ t = 1, . . . , n, does not
largely affect the statistical performance of the parameter estimates.

The PIEG-2 model simulation produces empirical χ2 distributions that are slightly
shifted to the left if the sample sizes are small. The rejection rates, shown in Table 1,
are close to 4% for sample sizes smaller than 750. This may suggest that the power
of the χ2 goodness-of-fit test for the PIEG-2 model may diminish if the sample size is
smaller than n=750.

A.2.4. Interpretation of the Monte Carlo Simulations

Overall, the Monte Carlo simulations showed that the WLSMV estimator provided very
stable results and that this method seems to be adequate for the estimation of the
PIEG-1 and the PIEG-2 model with 12 response variables. The quality of the param-
eter estimates, standard errors and model fit indices associated with the PIEG-1 and
PIEG-2 model using the WLSMV estimator (B. O. Muthén et al., 2015) is generally
very good. For both the PIEG-1 and the PIEG-2 model, the standard error biases are
negligibly small for all parameter estimates for all sample sizes of the simulated samples.
Also, for both models, for all parameters, and for all sample sizes there are no parameter
estimates with a coverage smaller than .91 or higher than .98. These results indicate a
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good statistical performance of the standard error estimates of both the PIEG-1 and the
PIEG-2 model even if sample sizes are small. In order to illustrate how the sample size
affects standard error estimation, we conducted additional Monte Carlo simulations for
the PIEG-1 as well as for the PIEG-2 model for sample sizes of n=100. Figure 2 shows
that the mean standard error estimates for V ar(β̃2) across the simulated samples de-
crease with increasing sample sizes for the PIEG-1. The decline of these mean standard
error estimates seems particularly pronounced for sample sizes under n=1000. Figure 3
shows all mean standard error estimates for the expectations and variances of the latent
variables of the PIEG-1 model.

Figure 2 about here.
Figure 3 about here.

The point estimates of the parameters also showed a satisfying quality for all sample
sizes for both models in the Monte Carlo simulation. The true covariances Cov(η̃t, β̃i)
were very close to 0. For the estimates of these parameters, the absolute biases mp − ep

were < 0.01, which we considered to be satisfactory.
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A.1. Tables

Table 1

Monte Carlo simulation results for χ2 values of the PIEG-1 model and the PIEG-2 model.

Model Nobs Nrepl df Mean χ2 Rej. Rate
PIEG-1 250 996 51 50.924 0.046
PIEG-1 500 1000 51 50.832 0.042
PIEG-1 750 1000 51 51.077 0.044
PIEG-1 1000 1000 51 51.379 0.058
PIEG-1 5000 1000 51 51.085 0.054
PIEG-1 10000 1000 51 50.583 0.050
PIEG-2 250 997 75 75.249 0.039
PIEG-2 500 1000 75 74.844 0.034
PIEG-2 750 1000 75 75.277 0.048
PIEG-2 1000 1000 75 74.803 0.052
PIEG-2 5000 1000 75 74.915 0.056
PIEG-2 10000 1000 75 74.588 0.052
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Table 2

Results of the Monte Carlo simulation for means and variances of the latent variables
in the PIEG-1 model.

Mean Variance
250 500 750 1000 5000 10000 250 500 750 1000 5000 10000

η̃1

True Param. (ep) 3.54 2.85
Mean (mp) 3.605 3.571 3.561 3.558 3.541 3.541 2.993 2.921 2.898 2.885 2.857 2.853
Bias (peb) 0.018 0.009 0.006 0.005 0.000 0.000 0.050 0.025 0.017 0.012 0.003 0.001
S.E. Mean (mse) 0.258 0.179 0.145 0.126 0.056 0.039 0.468 0.322 0.261 0.225 0.100 0.071
S.E. Bias (seb) 0.013 0.011 0.006 0.001 0.014 0.029 0.006 0.044 0.030 0.022 0.009 0.002
Coverage 0.946 0.954 0.950 0.958 0.957 0.951 0.948 0.942 0.950 0.948 0.943 0.947
Power 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

η̃2

True Param. (ep) 3.95 3.86
Mean (mp) 4.030 3.990 3.977 3.974 3.955 3.952 4.045 3.938 3.906 3.893 3.867 3.861
Bias (peb) 0.020 0.010 0.007 0.006 0.001 0.001 0.048 0.020 0.012 0.009 0.002 0.000
S.E. Mean (mse) 0.283 0.197 0.160 0.138 0.061 0.043 0.620 0.426 0.345 0.298 0.133 0.094
S.E. Bias (seb) 0.009 0.034 0.042 0.006 0.036 0.006 0.058 0.025 0.008 0.025 0.011 0.016
Coverage 0.944 0.962 0.960 0.947 0.958 0.949 0.945 0.943 0.953 0.949 0.947 0.949
Power 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

η̃3

True Param. (ep) 3.77 3.60
Mean (mp) 3.851 3.817 3.799 3.795 3.775 3.772 3.774 3.673 3.644 3.635 3.606 3.606
Bias (peb) 0.022 0.012 0.008 0.007 0.001 0.001 0.048 0.020 0.012 0.010 0.002 0.002
S.E. Mean (mse) 0.273 0.190 0.154 0.133 0.059 0.042 0.576 0.398 0.322 0.278 0.123 0.087
S.E. Bias (seb) 0.014 0.034 0.033 0.019 0.007 0.013 0.022 0.001 0.006 0.061 0.025 0.023
Coverage 0.946 0.943 0.943 0.944 0.950 0.956 0.948 0.949 0.948 0.965 0.958 0.945
Power 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

β̃2

True Param. (ep) 0.57 1.10
Mean (mp) 0.597 0.578 0.577 0.572 0.570 0.571 1.167 1.130 1.120 1.116 1.105 1.103
Bias (peb) 0.048 0.014 0.012 0.004 0.001 0.002 0.061 0.027 0.018 0.015 0.005 0.002
S.E. Mean (mse) 0.268 0.186 0.151 0.131 0.058 0.041 0.269 0.185 0.150 0.129 0.057 0.040
S.E. Bias (seb) 0.026 0.010 0.004 0.001 0.017 0.047 0.023 0.012 0.016 0.001 0.001 0.018
Coverage 0.941 0.943 0.953 0.949 0.941 0.966 0.955 0.954 0.959 0.952 0.951 0.945
Power 0.618 0.882 0.972 0.990 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

β̃3

True Param. (ep) −0.37 1.09
Mean (mp) −0.368 −0.370 −0.365 −0.368 −0.369 −0.369 1.165 1.123 1.115 1.111 1.095 1.093
Bias (peb) −0.006 0.000 −0.012 −0.006 −0.003 −0.002 0.069 0.030 0.022 0.019 0.005 0.002
S.E. Mean (mse) 0.229 0.160 0.130 0.112 0.050 0.035 0.251 0.172 0.139 0.120 0.053 0.037
S.E. Bias (seb) 0.010 0.019 0.012 0.028 0.072 0.052 0.006 0.009 0.001 0.010 0.028 0.050
Coverage 0.954 0.954 0.951 0.951 0.963 0.962 0.949 0.945 0.949 0.961 0.949 0.956
Power 0.359 0.656 0.810 0.916 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

β̃4

True Param. (ep) 0.84 1.34
Mean (mp) 0.872 0.850 0.850 0.848 0.842 0.841 1.425 1.382 1.369 1.365 1.346 1.343
Bias (peb) 0.038 0.012 0.012 0.009 0.002 0.001 0.063 0.031 0.022 0.019 0.004 0.002
S.E. Mean (mse) 0.294 0.204 0.166 0.143 0.063 0.045 0.317 0.219 0.178 0.154 0.068 0.048
S.E. Bias (seb) 0.017 0.019 0.036 0.001 0.026 0.036 0.035 0.003 0.008 0.021 0.058 0.018
Coverage 0.956 0.949 0.959 0.959 0.953 0.953 0.950 0.947 0.953 0.942 0.961 0.950
Power 0.862 0.992 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
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Table 3

Results of the Monte Carlo simulation for covariances of the latent variables in the
PIEG-1 model.
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Table 4

Results of the Monte Carlo simulation for means and variances of the latent variables
in the PIEG-2 model

Mean Variance
Index 250 500 750 1000 5000 10000 250 500 750 1000 5000 10000

η̃1

True Param. (ep) 3.63 3.11
Mean (mp) 3.698 3.660 3.649 3.644 3.632 3.631 3.251 3.186 3.162 3.141 3.117 3.117
Bias (peb) 0.019 0.008 0.005 0.004 0.000 0.000 0.045 0.024 0.017 0.010 0.002 0.002
S.E. Mean (mse) 0.228 0.158 0.128 0.111 0.049 0.035 0.466 0.322 0.261 0.225 0.100 0.070
S.E. Bias (seb) 0.018 0.010 0.017 0.002 0.011 0.009 0.019 0.034 0.040 0.020 0.017 0.030
Coverage 0.954 0.955 0.955 0.954 0.951 0.952 0.946 0.953 0.950 0.944 0.947 0.960
Power 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

η̃2

True Param. (ep) 3.87 3.65
Mean (mp) 3.937 3.905 3.891 3.886 3.873 3.871 3.812 3.731 3.703 3.683 3.660 3.655
Bias (peb) 0.017 0.009 0.006 0.004 0.001 0.000 0.044 0.022 0.014 0.009 0.003 0.001
S.E. Mean (mse) 0.237 0.164 0.133 0.115 0.051 0.036 0.544 0.376 0.304 0.262 0.116 0.082
S.E. Bias (seb) 0.008 0.019 0.014 0.002 0.028 0.005 0.005 0.022 0.026 0.003 0.019 0.010
Coverage 0.944 0.936 0.951 0.952 0.940 0.947 0.951 0.955 0.955 0.946 0.940 0.947
Power 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

η̃3

True Param. (ep) 3.75 3.52
Mean (mp) 3.819 3.785 3.772 3.767 3.752 3.750 3.661 3.587 3.566 3.549 3.525 3.523
Bias (peb) 0.018 0.009 0.006 0.004 0.000 0.000 0.040 0.019 0.013 0.008 0.001 0.001
S.E. Mean (mse) 0.234 0.162 0.131 0.114 0.050 0.036 0.521 0.360 0.292 0.251 0.111 0.079
S.E. Bias (seb) 0.019 0.016 0.006 0.000 0.004 0.014 0.021 0.011 0.003 0.002 0.010 0.014
Coverage 0.953 0.950 0.945 0.941 0.959 0.953 0.960 0.944 0.954 0.952 0.949 0.948
Power 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

β̃2

True Param. (ep) 0.56 1.1
Mean (mp) 0.570 0.566 0.564 0.563 0.563 0.562 1.162 1.131 1.119 1.113 1.103 1.102
Bias (peb) 0.018 0.011 0.007 0.006 0.005 0.003 0.056 0.028 0.018 0.012 0.003 0.002
S.E. Mean (mse) 0.265 0.185 0.151 0.130 0.058 0.041 0.266 0.184 0.149 0.128 0.057 0.040
S.E. Bias (seb) 0.023 0.057 0.020 0.036 0.019 0.008 0.028 0.026 0.025 0.011 0.046 0.042
Coverage 0.951 0.948 0.948 0.941 0.956 0.948 0.954 0.949 0.947 0.949 0.956 0.959
Power 0.571 0.856 0.956 0.992 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000

β̃3

True Param. (ep) −0.37 1.09
Mean (mp) −0.377 −0.369 −0.369 −0.371 −0.369 −0.369 1.158 1.126 1.118 1.110 1.094 1.093
Bias (peb) 0.018 −0.004 −0.002 0.004 −0.003 −0.003 0.062 0.033 0.026 0.018 0.004 0.003
S.E. Mean (mse) 0.228 0.159 0.130 0.112 0.050 0.035 0.247 0.171 0.138 0.119 0.053 0.037
S.E. Bias (seb) 0.013 0.026 0.013 0.026 0.033 0.038 0.005 0.014 0.001 0.048 0.003 0.009
Coverage 0.951 0.946 0.948 0.941 0.936 0.941 0.957 0.949 0.956 0.954 0.948 0.948
Power 0.383 0.633 0.806 0.904 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000

β̃4

True Param. (ep) 0.84 1.33
Mean (mp) 0.866 0.859 0.853 0.847 0.842 0.842 1.399 1.361 1.348 1.340 1.335 1.332
Bias (peb) 0.032 0.022 0.015 0.009 0.003 0.003 0.052 0.023 0.013 0.007 0.004 0.002
S.E. Mean (mse) 0.291 0.203 0.165 0.143 0.063 0.045 0.313 0.217 0.176 0.152 0.068 0.048
S.E. Bias (seb) 0.001 0.053 0.010 0.014 0.009 0.032 0.004 0.003 0.017 0.030 0.034 0.037
Coverage 0.951 0.939 0.956 0.950 0.937 0.958 0.951 0.960 0.957 0.966 0.939 0.946
Power 0.864 0.987 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
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Table 5

Results of the Monte Carlo simulation for covariances of the latent variables in the
PIEG-2 model.
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Figure 2. Mean standard errors for V ar(β̃2) across all samples generated in each of the

the Monte Carlo simulations for PIEG-1.
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Figure 3. Mean standard errors across all samples generated in each of the Monte Carlo

simulations for PIEG-1.

A.2. Mplus inputs

Listing 1: Monte Carlo simulation Mplus input.
TITLE : Montecarlo PIEG Model 1

MONTECARLO :
NAMES ARE y1 -y12;
NOBSERVATIONS = 250;
NREPS = 1000;
GENERATE = y1 -y12 (4 p);
POPULATION = m1_estimates_r .dat;
COVERAGE = m1_estimates_r .dat;
CATEGORICAL ARE y1 -y12;

ANALYSIS :
ESTIMATOR = WLSMV ;
PARAMETERIZATION = Theta ;

MODEL POPULATION :

ETA1 BY y1 -y4@1;
ETA2 BY y5 -y8@1;
ETA3 BY y9 - y12@1 ;

BETA2 BY y2@1 y6@1 y10@1 ;
BETA3 BY y3@1 y7@1 y11@1 ;
BETA4 BY y4@1 y8@1 y12@1 ;

[ETA1 *];[ ETA2 *];[ ETA3 *];
[ BETA2 *];[ BETA3 *];[ BETA4 *];

[ y1$1@0 ]; [ y5$1@0 ]; [ y9$1@0 ];
[y1$2 *] ( t1i1k2_p ); [y5$2 *] ( t2i1k2_p ); [y9$2 *] ( t3i1k2_p );
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[y1$3 *] ( t1i1k3_p ); [y5$3 *] ( t2i1k3_p ); [y9$3 *] ( t3i1k3_p );
[y1$4 *] ( t1i1k4_p ); [y5$4 *] ( t2i1k4_p ); [y9$4 *] ( t3i1k4_p );

[ y2$1@0 ]; [ y6$1@0 ]; [ y10$1@0 ];
[y2$2 *] ( t1i2k2_p ); [y6$2 *] ( t2i2k2_p ); [ y10$2 *] ( t3i2k2_p );
[y2$3 *] ( t1i2k3_p ); [y6$3 *] ( t2i2k3_p ); [ y10$3 *] ( t3i2k3_p );
[y2$4 *] ( t1i2k4_p ); [y6$4 *] ( t2i2k4_p ); [ y10$4 *] ( t3i2k4_p );

[ y3$1@0 ]; [ y7$1@0 ]; [ y11$1@0 ];
[y3$2 *] ( t1i3k2_p ); [y7$2 *] ( t2i3k2_p ); [ y11$2 *] ( t3i3k2_p );
[y3$3 *] ( t1i3k3_p ); [y7$3 *] ( t2i3k3_p ); [ y11$3 *] ( t3i3k3_p );
[y3$4 *] ( t1i3k4_p ); [y7$4 *] ( t2i3k4_p ); [ y11$4 *] ( t3i3k4_p );

[ y4$1@0 ]; [ y8$1@0 ]; [ y12$1@0 ];
[y4$2 *] ( t1i4k2_p ); [y8$2 *] ( t2i4k2_p ); [ y12$2 *] ( t3i4k2_p );
[y4$3 *] ( t1i4k3_p ); [y8$3 *] ( t2i4k3_p ); [ y12$3 *] ( t3i4k3_p );
[y4$4 *] ( t1i4k4_p ); [y8$4 *] ( t2i4k4_p ); [ y12$4 *] ( t3i4k4_p );

MODEL :

ETA1 BY y1 -y4@1;
ETA2 BY y5 -y8@1;
ETA3 BY y9 - y12@1 ;

BETA2 BY y2@1 y6@1 y10@1 ;
BETA3 BY y3@1 y7@1 y11@1 ;
BETA4 BY y4@1 y8@1 y12@1 ;

[ETA1 *];[ ETA2 *];[ ETA3 *];
[ BETA2 *];[ BETA3 *];[ BETA4 *];

[ y1$1@0 ]; [ y5$1@0 ]; [ y9$1@0 ];
[y1$2 *] ( t1i1k2 ); [y5$2 *] ( t2i1k2 ); [y9$2 *] ( t3i1k2 );
[y1$3 *] ( t1i1k3 ); [y5$3 *] ( t2i1k3 ); [y9$3 *] ( t3i1k3 );
[y1$4 *] ( t1i1k4 ); [y5$4 *] ( t2i1k4 ); [y9$4 *] ( t3i1k4 );

[ y2$1@0 ]; [ y6$1@0 ]; [ y10$1@0 ];
[y2$2 *] ( t1i2k2 ); [y6$2 *] ( t2i2k2 ); [ y10$2 *] ( t3i2k2 );
[y2$3 *] ( t1i2k3 ); [y6$3 *] ( t2i2k3 ); [ y10$3 *] ( t3i2k3 );
[y2$4 *] ( t1i2k4 ); [y6$4 *] ( t2i2k4 ); [ y10$4 *] ( t3i2k4 );

[ y3$1@0 ]; [ y7$1@0 ]; [ y11$1@0 ];
[y3$2 *] ( t1i3k2 ); [y7$2 *] ( t2i3k2 ); [ y11$2 *] ( t3i3k2 );
[y3$3 *] ( t1i3k3 ); [y7$3 *] ( t2i3k3 ); [ y11$3 *] ( t3i3k3 );
[y3$4 *] ( t1i3k4 ); [y7$4 *] ( t2i3k4 ); [ y11$4 *] ( t3i3k4 );

[ y4$1@0 ]; [ y8$1@0 ]; [ y12$1@0 ];
[y4$2 *] ( t1i4k2 ); [y8$2 *] ( t2i4k2 ); [ y12$2 *] ( t3i4k2 );
[y4$3 *] ( t1i4k3 ); [y8$3 *] ( t2i4k3 ); [ y12$3 *] ( t3i4k3 );
[y4$4 *] ( t1i4k4 ); [y8$4 *] ( t2i4k4 ); [ y12$4 *] ( t3i4k4 );

Listing 2: PIEG-1 model Mplus input.
TITLE : PIEG Model 1;

VARIABLE :
NAMES ARE y1 -y12;
USEVARIABLES ARE y1 -y12 ;
CATEGORICAL ARE y1 -y12 ;

ANALYSIS :
Estimator = WLSMV ;
PARAMETERIZATION = THETA ;

MODEL :

ETA1 BY y1 -y4@1;
ETA2 BY y5 -y8@1;
ETA3 BY y9 - y12@1 ;

BETA2 BY y2@1 y6@1 y10@1 ;
BETA3 BY y3@1 y7@1 y11@1 ;
BETA4 BY y4@1 y8@1 y12@1 ;

[ETA1 *];[ ETA2 *];[ ETA3 *];
[ BETA2 *];[ BETA3 *];[ BETA4 *];

[ y1$1@0 ]; [ y5$1@0 ]; [ y9$1@0 ];
[y1$2 *] ( t1i1k2 ); [y5$2 *] ( t2i1k2 ); [y9$2 *] ( t3i1k2 );
[y1$3 *] ( t1i1k3 ); [y5$3 *] ( t2i1k3 ); [y9$3 *] ( t3i1k3 );
[y1$4 *] ( t1i1k4 ); [y5$4 *] ( t2i1k4 ); [y9$4 *] ( t3i1k4 );
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[ y2$1@0 ]; [ y6$1@0 ]; [ y10$1@0 ];
[y2$2 *] ( t1i2k2 ); [y6$2 *] ( t2i2k2 ); [ y10$2 *] ( t3i2k2 );
[y2$3 *] ( t1i2k3 ); [y6$3 *] ( t2i2k3 ); [ y10$3 *] ( t3i2k3 );
[y2$4 *] ( t1i2k4 ); [y6$4 *] ( t2i2k4 ); [ y10$4 *] ( t3i2k4 );

[ y3$1@0 ]; [ y7$1@0 ]; [ y11$1@0 ];
[y3$2 *] ( t1i3k2 ); [y7$2 *] ( t2i3k2 ); [ y11$2 *] ( t3i3k2 );
[y3$3 *] ( t1i3k3 ); [y7$3 *] ( t2i3k3 ); [ y11$3 *] ( t3i3k3 );
[y3$4 *] ( t1i3k4 ); [y7$4 *] ( t2i3k4 ); [ y11$4 *] ( t3i3k4 );

[ y4$1@0 ]; [ y8$1@0 ]; [ y12$1@0 ];
[y4$2 *] ( t1i4k2 ); [y8$2 *] ( t2i4k2 ); [ y12$2 *] ( t3i4k2 );
[y4$3 *] ( t1i4k3 ); [y8$3 *] ( t2i4k3 ); [ y12$3 *] ( t3i4k3 );
[y4$4 *] ( t1i4k4 ); [y8$4 *] ( t2i4k4 ); [ y12$4 *] ( t3i4k4 );

Listing 3: PIEG-2 model Mplus input.
TITLE : PIEG Model 2;

VARIABLE :
NAMES ARE y1 -y12;
USEVARIABLES ARE y1 -y12 ;
CATEGORICAL ARE y1 -y12 ;

ANALYSIS :
Estimator = WLSMV ;
PARAMETERIZATION = THETA ;

MODEL :

ETA1 BY y1 -y4@1;
ETA2 BY y5 -y8@1;
ETA3 BY y9 - y12@1 ;

BETA2 BY y2@1 y6@1 y10@1 ;
BETA3 BY y3@1 y7@1 y11@1 ;
BETA4 BY y4@1 y8@1 y12@1 ;

[ETA1 *];[ ETA2 *];[ ETA3 *];
[ BETA2 *];[ BETA3 *];[ BETA4 *];

[ y1$1@0 ]; [ y5$1@0 ]; [ y9$1@0 ];
[y1$2 *] ( t1i1k2 ); [y5$2 *] ( t1i1k2 ); [y9$2 *] ( t1i1k2 );
[y1$3 *] ( t1i1k3 ); [y5$3 *] ( t1i1k3 ); [y9$3 *] ( t1i1k3 );
[y1$4 *] ( t1i1k4 ); [y5$4 *] ( t1i1k4 ); [y9$4 *] ( t1i1k4 );

[ y2$1@0 ]; [ y6$1@0 ]; [ y10$1@0 ];
[y2$2 *] ( t1i2k2 ); [y6$2 *] ( t1i2k2 ); [ y10$2 *] ( t1i2k2 );
[y2$3 *] ( t1i2k3 ); [y6$3 *] ( t1i2k3 ); [ y10$3 *] ( t1i2k3 );
[y2$4 *] ( t1i2k4 ); [y6$4 *] ( t1i2k4 ); [ y10$4 *] ( t1i2k4 );

[ y3$1@0 ]; [ y7$1@0 ]; [ y11$1@0 ];
[y3$2 *] ( t1i3k2 ); [y7$2 *] ( t1i3k2 ); [ y11$2 *] ( t1i3k2 );
[y3$3 *] ( t1i3k3 ); [y7$3 *] ( t1i3k3 ); [ y11$3 *] ( t1i3k3 );
[y3$4 *] ( t1i3k4 ); [y7$4 *] ( t1i3k4 ); [ y11$4 *] ( t1i3k4 );

[ y4$1@0 ]; [ y8$1@0 ]; [ y12$1@0 ];
[y4$2 *] ( t1i4k2 ); [y8$2 *] ( t1i4k2 ); [ y12$2 *] ( t1i4k2 );
[y4$3 *] ( t1i4k3 ); [y8$3 *] ( t1i4k3 ); [ y12$3 *] ( t1i4k3 );
[y4$4 *] ( t1i4k4 ); [y8$4 *] ( t1i4k4 ); [ y12$4 *] ( t1i4k4 );
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